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Abstract
We discuss the properties of pure multipole beams with well-defined handedness or helicity,
with the beam field a simultaneous eigenvector of the squared total angular momentum and its
projection along the propagation axis. Under the condition of hemispherical illumination, we show
that the only possible propagating multipole beams are “sectoral” multipoles. The sectoral dipole
beam is shown to be equivalent to the non-singular time-reversed field of an electric and a magnetic
point dipole Huygens’ source located at the beam focus. Higher order multipolar beams are vortex
beams vanishing on the propagation axis. The simple analytical expressions of the electric field
of sectoral multipole beams, exact solutions of Maxwell’s equations, and the peculiar behaviour
of the Poynting vector and spin and orbital angular momenta in the focal volume could help to
understand and model light-matter interactions under strongly focused beams.
∗ juanjo.saenz@dipc.org
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I. INTRODUCTION
“Gaussian beams” are the most typical beams employed in optical manipulation [1] be-
cause most lasers emit light beams whose transverse electric fields and intensity distributions
are well approximated by Gaussian functions. However, after focusing, when the half width
of the beam waist is comparable to the wavelength, λ, the exact solution of Maxwell’s equa-
tions predicts significant deviations from the Gaussian shape, only valid in the paraxial
scalar approximation (Gaussian approximation can be give accurate results only when the
half width of the beam waist is greater than ∼ 10λ) [2].
A rigorous description of focal and scattered fields, usually based on the multipolar ex-
pansion of the field in terms of electric and magnetic multipoles, is needed for an accurate
and quantitative discussion of field intensities, polarization and optical forces near the focal
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region of a focused beam [3–7]. A correct multipolar description of the light field is also rel-
evant to analyze optical angular momentum (AM) phenomena [8, 9], including the interplay
between spin (SAM) and orbital (OAM) angular momenta in the focal volume of tightly
focused beams [10, 11] as well as to understand the spectral response and optical torques
on small objects: Illumination with a tightly focused beam can only excite particle multi-
polar modes which are already present in the incident beam [12, 13]. As a recent example,
the strong size selectivity in optical printing of Silicon particles has been associated to the
dominant contribution of dipolar modes of the tightly focused laser beam [14].
In many optical applications, where one wishes to maximize the electric energy density
and/or minimize the cross-polarization, a converging electric-dipole wave is the natural
choice as the incident wave [15–19]. since higher order multipoles vanish at the focal point.
In the so-called 4pi illumination (when the incident light can cover the full solid angle), the
highest energy density for a given incoming power for monochromatic beams is attained
when the beam is a perfect converging dipolar beam [15]. However, for propagating beams
where the incident angles are limited to a hemisphere (i.e. 2pi illumination - 0 ≤ ϕ ≤ 2pi and
pi/2 < θ ≤ pi for a beam propagating along the z axis) the properties of the dipolar beam in
the focal region can be very different, although the total energy density at the focus can still
be more than half of the maximum possible [16]. The vector properties of the light strongly
affect the field polarization and intensity distribution near the focus of tightly focused vector
beams[20, 21] Our main goal here is to explore the field properties of propagating spherical
multipole beams within a framework based on helicity, angular momentum and symmetry
[22].
To this end, we consider pure multipole beams (PMB) with well-defined handedness or
helicity, σ = ±1 (we associate left polarized light with σ = +1 positive helicity -handness-),
being simultaneous eigenvectors of the squared total angular momentum, J2, and its z-
component, Jz, with eigenvalues l = 1, 2, . . . and m = −l,−l + 1, . . . l − 1, l, respectively.
For a beam propagating along the z-axis, the radial component of the Poynting vector far
from the focus is assumed to be always negative for incoming light (pi/2 ≤ θ ≤ pi) and
always positive for outgoing (0 ≤ θ < pi/2). As we will see, this condition of hemispherical
illumination restricts the possible propagating multipole beams to the so-called “sectoral”
multipoles with m = σl. Figure 1 illustrates two examples of sectoral and non-sectoral
beams. Interestingly, for l > 1, sectoral PMBs are vortex beams whose field vanishes on the
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propagation axis with a vortex topological charge of σ(l−1). In contrast, dipole beams with
well defined helicity (l = 1, m = σ) concentrate the field at the focus with an energy density
that is 2/3 times the Bassett upper bound of passive energy concentration [15]. Dipole
beams are equivalent to mixed-dipole waves [16] and can be seen as the sum of outgoing
and incoming waves radiated from an electric and a magnetic dipole located at the focus
with spinning axes on the focal plane. We will see that, although the helicity and the
(dimensionless) z-component of the total angular momentum per photon (m = σl) are fixed
and well-defined in a PMB, the (z-component) SAM, sz, and OAM, lz = σl − sz, densities
present a non-trivial spatial distribution.
a) Sectoral dipolar beam with well-defined
eigenvalues l = m = σ = 1.
b) Non-sectoral quadrupole beam with
well-defined eigenvalues l = 2 and m = σ = 1.
FIG. 1. Poynting vector streamlines projected on the x− z plane, perpendicular to the focal plane
xy. The colormap illustrates the modulus of the Poynting vector, |S|, in the logarithm scale.
II. BEAM EXPANSION IN VECTOR SPHERICAL WAVEFUNCTIONS IN THE
HELICITY REPRESENTATION
Let us assume that a monochromatic light beam (with an implicit time-varying harmonic
component e−iωt) propagates through an homogeneous medium with real refractive index nh
with a wave number k = nhω/c = 2pinh/λ0 (being λ0 the light wavelength in vacuum). To
this end we will consider the expansion of the electric field, E, of the incident focused beam
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in vector spherical wavefunctions (VSWFs), Ψσlm, with well defined helicity, σ = ±1 [23]:
E =
∑
σ=±1
Eσ =
∑
σ=±1
{ ∞∑
l=0
+l∑
m=−l
CσlmΨ
σ
lm
}
(1)
where Ψσlm is defined as
Ψσlm =
1√
2
[Nlm + σMlm] (2)
Mlm ≡ jl(kr)Xlm , Nlm ≡ 1
k
∇×Mlm (3)
Xlm ≡ 1√
l(l + 1)
LY ml (θ, ϕ) (4)
Here, Mlm andNlm are Hansen’s multipoles [24], Xlm denotes the vector spherical harmonic
[25] , jl(kr) are the spherical (well-defined at r = 0) Bessel functions, Y
m
l are the spherical
harmonics and L ≡ {−ir×∇} is the OAM operator. The expansion coefficients Cσlm in
the helicity basis are equivalent to the so-called beam shape coefficients (BSCs) [4, 26]. An
explicit expression of the VSWFs in spherical polar coordinates (with unitary vectors eˆr,θ,ϕ)
is given by
Ψσlm = eˆr i
√
l(l + 1)
2
jl(kr)
kr
Y ml + eˆθ
1√
2l(l + 1)
{
−jl(kr)
( σm
sin θ
Y ml
)
+ ij˜l(kr)
(
∂Y ml
∂θ
)}
+ eˆϕ
1√
2l(l + 1)
{
−j˜l(kr)
( m
sin θ
Y ml
)
− iσjl(kr)
(
∂Y ml
∂θ
)}
, (5)
with
j˜l(kr) ≡ jl−1(kr)− l jl(kr)
kr
= (l + 1)
jl(kr)
kr
− jl+1(kr). (6)
Let us recall that the multipoles Ψσlm can be built following the standard rules of angular
momentum addition [24, 27] as simultaneous eigenvectors of the square of the total angular
momentum, J2, and its z-component, Jz, with J = L +
↔
S given by the sum of the OAM, L,
and SAM,
↔
S , operators:
↔
S ≡ iI× , L ≡ {−ir×∇} (7)
↔
S i = eˆi ·
↔
S = ieˆi×, (8)
where eˆi=x,y,z indicate unitary Cartesian vectors and I is the unit dyadic.
The multipoles Ψσlm are then simultaneous eigenvectors of J
2 and Jz [27] as well as of the
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helicity operator [22] Λ = (1/k)∇×, i.e. :
J2Ψσlm = l(l + 1)Ψ
σ
lm (9)
JzΨ
σ
lm = mΨ
σ
lm (10)
ΛΨσlm ≡
1
k
∇×Ψσlm = σΨσlm (11)
III. POYNTING VECTOR FOR PROPAGATING PURE MULTIPOLE BEAMS
In the helicity representation, the Poynting vector, P , for a monochromatic optical field,
when calculated using either the electric or the magnetic field, separates into right-handed
and left-handed contributions, with no cross-helicity contributions [28]:
P ≡ 1
2
Re {E∗ ×H} =
∑
σ=±1
σ
2Z
Im {E∗σ × Eσ} = −
1
2Z
Re
(
E∗+ ·
↔
SE+ − E∗− ·
↔
SE−
)
. (12)
where
↔
S is the spin tensor defined in Eq. (7) and
H = − i
Zk
∇×
(
E+ + E−
)
= − i
Z
(
E+ − E−
)
(13)
with Z = 1/(0nhc) =
√
µ0/0h. This is an interesting result showing that for beams with
well defined helicity σ, the z-component of the spin is simply proportional to the proyection
of the Poynting vector on the propagation axis.
In the far-field, where
lim
kr→∞
jj ∼ sin (kr − lpi/2)
kr
, (14)
the Poynting vector for a pure multipole beam (PMB) (with l,m, σ) is given by
P σlm ∼
σm |Cσlm|2
4Z(kr)2 l(l + 1)
[
1
sin θ
∂ |Y ml |2
∂θ
]
eˆr. (15)
Integrating over all incoming angles (pi/2 ≤ θ ≤ pi), the total incoming power, PW , for a
pure multipole beam is then given by
PW (l,m, σ) = −r2
∫ 2pi
0
dϕ
∫ pi
pi/2
sin θdθ P σlm · eˆr = 2pi
σm |Cσlm|2
4Zk2 l(l + 1)
|Y ml |2θ=pi/2
which, from the parity relation of the spherical harmonics and associated Legendre functions,
is zero for l+m odd. This implies that the total amount of power that is carried by beams
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with l + m odd is identical to zero, even though they may present incoming and outgoing
Poynting vectors (notice that PW is the actual total power flowing through the focal plane).
We shall consider incoming beams whose far-field Poynting vector points towards (outwards)
the focus for all incoming angles pi/2 < θ ≤ pi ( outgoing angles 0 ≤ θ < pi/2 ), i.e. whose
far-field Poynting vector only changes sign at θ = pi/2:
eˆr · P σlm < 0, for pi/2 ≤ θ ≤ pi. and eˆr · P σlm > 0, for 0 ≤ θ ≤ pi/2. (16)
0
1
a) Sectoral Quadrupolar Beam with well-defined
eigenvalues l = m = 2 and σ = +1.
0
1
b) Non-sectoral Quadrupolar Beam with
well-defined eigenvalues l = 2 and m = σ = +1.
FIG. 2. Poynting vector streamlines projected on the x− z plane, perpendicular to the focal plane
xy. The intensity color map corresponds to the field intensity normalised to the maximum field
intensity for each case I = |E|2/|Emax|2. The maximum value is in both cases approximately
given by |Emax|2= 0.4
∣∣Eσ1,σ(r = 0)∣∣2, being ∣∣Eσ1,σ(r = 0)∣∣2 the intensity at the focal plane in the
(sectoral) dipolar case.
Since eˆr · P σlm changes sign at the maxima and minima of |Y ml (θ, φ)|2, which has l − |m|
distinct zeros in the interval (0 < θ < pi), the only possible PMBs are the so-called ‘sectoral’
multipoles with m = σl. As an illustrative example, Fig. 2 shows the Poynting vector
map of sectoral and a non-sectoral quadrupole beams with l = 2. From these plots it
is straightforward to notice that the far-field Poynting streamlines of the sectoral beam,
corresponding to Fig. 2a), satisfies Eq.(16), while the non-sectoral, illustrated in Fig. 2b),
does not fulfil the propagating PMB criterium.
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IV. SECTORAL MULTIPOLE BEAMS WITH WELL DEFINED HELICITY
Taking into account that
Y m=σll =
(−σ)l
2ll!
√
(2l + 1)!
4pi
sinl θeiσlϕ, (17)
it can be shown that the electric field of a sectoral PMB (with total incoming power PW ) in
spherical polar coordinates [Eβ with β = r, θ, ϕ] can be written as
Eσl,σl = C
σ
l,σlΨ
σ
l,σl = E0(−σ)l sinl−1 θeiσlϕ
[
eˆr i(l + 1)
jl
kr
sin θ + eˆθ
{−jl + ij˜l cos θ}
+ eˆϕ
{−σj˜l − iσjl cos θ} ] (18)
with
E0 ≡ k
√
l ZPW
pi
. (19)
In the spherical basis
ξˆ+1 = − eˆx + ieˆy√
2
, ξˆ0 = eˆz, ξˆ−1 =
eˆx − ieˆy√
2
, (20)
this reads as
Eσl,σl= E0(−σ)l sinl−1 θeiσlϕ
1√
2
[
ξˆ+1e
−iϕ
(
− ijl+1 sin2 θ + (σ + 1)
[
jl cos θ − ij˜l
] )
+ ξˆ0
√
2
(
ijl+1 cos θ + jl
)
sin θ + ξˆ−1eiϕ
(
ijl+1 sin
2 θ + (σ − 1) [jl cos θ − ij˜l] )]. (21)
The behaviour near the z-axis, i.e. for θ . pi and θ & 0,
Eσl,σl ∼ E0(−σ)l sinl−1 θ
2σ√
2
eiσ(l−1)ϕ
[ z
|z|jl − ij˜l
]
ξˆσ (22)
lim
kr→∞
Eσl,σl ∼ −E0(−σ)l sinl−1 θ
2iσ√
2
eiσ(l−1)ϕ
eikz
k|z| ξˆσ (23)
shows that, for l > 1, the sectoral PMBs are vortex beams whose field vanishes on the
propagation axis with a vortex topological charge of σ(l − 1). Figure 2a shows the Poynt-
ing vector lines of a sectoral quadrupolar beam (l = 2,m = 2, σ = +1) which present a
”doughnut-like” field intensity pattern around the focus.
For pure dipolar beams with l = 1, the field given by Eq. (18) is identical to the first
term of the expansion of a circularly polarized plane wave around the origin [1, 14]. The
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field at the focus, r = 0, given by
Eσ1,σ(r = 0) = i
2
√
2
3
E0 ξˆσ, (24)
is circularly polarized on the focal plane. The ratio between the electric energy density at
the focal point and the total incoming power is then given by
U
PW
=
0
4PW
∣∣Eσ1,σ(r = 0)∣∣2 = 23
{
k2
3pi
nh
c
}
(25)
i.e. 2/3 of the Bassett upper bound. The field intensities and Poynting vector lines for a
dipole beam are shown in Fig. 3. As it can be seen the intensity is concentrated in a volume
∼ (λ/2)3, as expected for a diffraction limited beam with an interesting toriodal flow of
the Poynting vector around the focus. It is worth mentioning that steady-state toroidal
current flow of the Poynting vector of highly focused beams was already demonstrated
experimentally and explained with an approximate field-model [29].
0
1
a) P+111 projected on the x− z plane, with y = 0.
0
1
b) P+111 projected on the focal plane, with z = 0.
FIG. 3. Projected flow lines of the Poynting vector, P+11,1 and field intensities for a dipole beam. The
intensity color map corresponds to the field intensity normalised to the maximum field intensity
at the center I = |E|2/|Emax|2, where |Emax|2= 8|E0|2/9 = |C+111 |2/12pi.
A. Dipolar beams and time-reversal of a Huygens’s source
Dipole beams are equivalent to mixed-dipole waves [16] and can be seen as the sum of
outgoing and incoming waves radiated from an electric dipole, p(σ), and an equivalent mag-
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netic dipole, m(σ), located at the focus. These electric and magnetic point sources are known
as Huygens’ sources and their direct, outgoing, emission present a peculiar asymmetric dis-
tribution of the radiation pattern [16, 30, 31]. As we show in the Appendix B, the field of
a dipole beam ( Eq. (18) with l = 1) can be rewritten as
Eσ1,σ = −2i
k2
0
Im {Gee(r)}p(−σ)∗ + 2k2ZIm {Gem(r)}m(−σ)∗, (26)
where Gee(r) is the outgoing dyadic Green function, Gem ≡ (1/k)∇×Gee and
p(σ)
0h
=
p(−σ)
∗
0h
= −3pi
k3
Eσ1,σ(r = 0), with m
(σ) = m(−σ)
∗
= −3pi
k3
Hσ1,σ(r = 0). (27)
Interestingly, for an incoming beam with helicity σ, Eq. (26) is exactly the time-reversed
electric field radiated by the Huygens’ source (with helicity −σ) as it would be obtained in
a time-reversal mirror cavity [32].
V. LINEARLY POLARIZED DIPOLAR BEAMS
Focused linearly polarized dipolar beams can be built by combining two well-defined
helicity beams with opposite signs from Eq.(18), i.e.
Ex(r) =
1√
2
(
E−11,−1(r)− E11,1(r)
)
and Ey(r) =
i√
2
(
E−11,−1(r) + E
1
1,1(r)
)
. (28)
The field at the focus is linearly polarized on the focal plane
Ex,y(r = 0) = i
2
√
2
3
E0 eˆx,y. (29)
The Poynting vector, obtained by inserting Eq.(A1) into Eq.(12) including both helicities in
the summation, present the characteristic toroidal flow around the focus but, as expected,
the intensity pattern at the focal plane is not longer axially symmetric (see Fig. 4).
VI. SPIN AND ORBITAL ANGULAR MOMENTA OF PURE MULTIPOLAR
BEAMS
Let us now consider the separation of the total angular momentum of the sectoral PMB
field into SAM and OAM. Since the PMBs are eigenvectors of the z-component of the total
10
0 00
1
a) b) c)
FIG. 4. Projected Poynting vector and colormap of the intensity for linarly polarized dipolar beams
(a) on the x− z plane, (b) on the y− z plane and (c) on the x− y focal plane. The streamlines of
the Poynting vector are normal to the focal plane.
angular momentum, we may define its (constant) density as{
Eσl,σl
}∗ · JzEσl,σl∣∣Eσl,σl∣∣2 = m = σl =
{
Eσl,σl
}∗ · (Lz + Sz)Eσl,σl∣∣Eσl,σl∣∣2 = lz(r) + sz(r) (30)
where we have introduced lz and sz as the OAM and SAM densities, respectively (although
Lz and Sz are not proper angular-momentum operators[33]). For fields with well defined
helicity σ, the z component of the SAM can be calculated from the projection of the Poynting
vector on the beam axis, i.e. from Eqs. (12) and (A1), or, alternatively, taking into account
that the vectors ξµ are eigenfunctions of Sz with eigenvalue µ:{
Eσl,σl
}∗ · SzEσl,σl = 2ZσP σl,σl · eˆz = ∑
µ=+1,0,−1
µ
∣∣∣Eσl,σl · ξˆµ∣∣∣2
= 2σ
|E0|2
Z
sin2l−2 θ
{[∣∣j˜l∣∣2 + |jl|2] cos2 θ + l + 1
kr
{
jlj˜l
}
sin2 θ
}
(31)
Figure 5 illustrates the non-trivial behaviour of the SAM for a dipole beam (σ = +1) on
two perpendicular planes in the focal volume. As shown in Fig 5a, the spin changes sign
inside the torus defined by the Poynting vector lines (which is simply due to the change of
sign of the z-component of the Poynting vector in the torus). In these (blue) regions, the
z-component of the OAM lz is larger than the z-component of the total momentum l = 1
(since lz = l− sz). This is often referred to in the literature as the super-momentum regime
[34–36].
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1-0.5
a) SAM density on the x− z plane.
-0.5
1
b) SAM density on the focal plane z = 0.
FIG. 5. Projected Poynting vector, P+11,1 , flow lines and color map of the z-component of the SAM
density for a dipole beam. The toroidal structure can be easily inferred from the sign of the spin
density in both planes.
VII. CONCLUDING REMARKS
Pure multipolar beams are exact analytical solutions of Maxwells equations with well
defined angular momentum properties that can be extremely useful to understand and model
different phenomena associated to light-matter interactions under strongly focused beams
without requiring sophisticated and cumbersome numerical calculations. We have shown
that dipole beams could be generated by time-reversal techniques [32] as the time reversal
of a Huygens’ source. The steady-state toroidal Poynting vector flow in focused beams, which
was already demonstrated experimentally and explained with approximated beam models
[29], appears here in a natural way in the exact analytical solution for the dipole beam. The
peculiar distribution of the SAM and OAM around the focus could lead to some interesting
angular momentum transfer phenomena to small asymmetric and/or absorbing particles
trapped by circularly polarized highly focused beams [37]. Higher sectoral multipole vortex
beams, with well-defined total angular momentum and its projection on the propagation axis
could also be useful to understand scattering and AM phenomena in vortex beams [38]. The
peculiar properties of the fields in the focus of highly focused beams may also be relevant to
understand the light-induced emergence of cooperative phenomena in colloidal suspensions
of nanoparticles [39, 40].
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Appendix A: Poynting vector for sectoral multipole beams
Using Eq. (12) together with(18), the Poynting vector for a sectoral multipole beam is
given by:
P σl,σl = k
2PW
l
pi
sin2l−2 θ
[
eˆr
[∣∣j˜l∣∣2 + |jl|2] cos θ + eˆθ {− l + 1
kr
{
jlj˜l
}
sin θ
}
+ eˆϕ
{
(l + 1)
kr
[|jl|2 σ sin θ]}] (A1)
Appendix B: Field of a sectoral dipole beam in terms of the Green tensors
The electric field radiated by an electric dipole, p(σ), and a magnetic dipole, m(σ), located
at the origin of coordinates can be written as
Ed = k
2Gee(r)
p(σ)
0h
+ k2GemiZm
(σ) =
k2
0h
(
Gee(r)p
(σ) + i
nh
c
Gemm
(σ)
)
(B1)
with
Gee(r)p
(σ) = −i k
4pi
{
h0(kr)
(r× p(σ))× r
r2
+
h1(kr)
kr
(
3(r · p(σ))r
r2
− p(σ)
)}
, (B2)
Gem(r)m
(σ) = −i k
4pi
h1(kr)
r×m(σ)
r
. (B3)
In spherical polar coordinates,
Ed =

Er
Eθ
Eϕ
 = −i k34pi0h

2h1(kr)
kr
0 0
0 h˜1(kr) 0
0 0 h˜1(kr)


pr
pθ
pϕ

+
k3
4pi
Zh1(kr)

0 0 0
0 0 −1
0 1 0


mr
mθ
mϕ
 (B4)
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where h1 are the outgoing Hankel functions, j1 = (h1 + h
∗
1)/(2i), and
h˜1(kr) ≡ h0(kr)− h1(kr)
kr
. (B5)
Assuming
p(σ)
0h
= −3pi
k3
Eσ1,σ(r = 0) = −i
4pi
k3
E0√
2
ξˆσ = iσ
4pi
k3
E0
2
eiσϕ

sin θ
cos θ
iσ
 (B6)
m(σ) = −3pi
k3
Hσ1,σ(r = 0) =
3pi
k3
iσ
Z
Eσ1,σ(r = 0), (B7)
It is easy to show that
Ed = E
σ
1,σ = −2i
k2
0
Im {Gee(r)}p(σ) + k2ZIm {Gem(r)}m(σ)
= −2i k
2
0
Im {Gee(r)}p(−σ)∗ + k2ZIm {Gem(r)}m(−σ)∗, (B8)
which corresponds to Eq. (26) and the extension of Eq. (8) of Carminati et al. [32] for
electric and magnetic sources.
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